Abstract-The effect of surrounding an electrically small dipole antenna with a shell of double negative (DNG) material ( 0 and 0) has been investigated both analytically and numerically. The problem of an infinitesimal electric dipole embedded in a homogeneous DNG medium is treated; its analytical solution shows that this electrically small antenna acts inductively rather than capacitively as it would in free space. It is then shown that a properly designed dipole-DNG shell combination increases the real power radiated by more than an order of magnitude over the corresponding free space case. The reactance of the antenna is shown to have a corresponding decrease. Analysis of the reactive power within this dipole-DNG shell system indicates that the DNG shell acts as a natural matching network for the dipole. An equivalent circuit model is introduced that confirms this explanation. Several cases are presented to illustrate these results. The difficult problem of interpreting the energy stored in this dipole-DNG shell system when the DNG medium is frequency independent and, hence, of calculating the radiation Q is discussed from several points of view.
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I. INTRODUCTION

D
OUBLE NEGATIVE (DNG) materials, i.e., materials with both negative permittivity and negative permeability [for instance, [1] - [3] ], have been a topic of high interest in recent years. These materials are typically realized artificially as composite structures that are constructed from arrays of metallic inclusions in dielectric or magnetic substrates, and they exhibit unusual scattering and propagation properties within a particular frequency range. For instance, in contrast to a double positive (DPS) medium, i.e., a normal medium that has both positive permittivity and permeability, the wavenumber in a DNG material is opposite to, rather than parallel to, the Poynting's vector associated with a plane wave propagating in it. Thus, the Poynting's vector is parallel to, and the wavenumber is antiparallel to, the direction of causal power flow [3] . The property of interest to the present application involves the possibility that the DNG material could match the intrinsic reactance of an electrically small dipole antenna to free space, hence, provide a natural matching circuit to the antenna.
A comparison of the impedance and associated reactance of an infinitesimal dipole radiating into homogeneous DPS and DNG media is presented in Section II. It is found that the an- tenna acts inductively in the presence of the DNG medium rather than capacitively as it does in free space. This result suggests that a DNG shell could be used in a natural manner to match the small dipole to free space. The analytical solution to the problem of an infinitesimal electric dipole antenna radiating in the presence of a DNG shell is then discussed in Section III. Numerical analyses of this dipole-DNG shell system, when the DNG medium is dual to free space, are given in Section IV. A substantial increase in the radiated power and a corresponding decrease in the reactance seen by the antenna are demonstrated with a properly designed dipole-DNG shell system. It is shown in Section V that a circuit model of the dipole-DNG shell system can be constructed and that it confirms the matching network concept of the DNG shell. Numerical results for more general dipole-DNG shell systems are considered in Section VI. A discussion of the calculation of the reactance, its interpretation, and its relationships to the radiated power and stored electric and magnetic field energies for the dipole-DNG shell system is given in Section VII. The corresponding nonpropagating field energy calculations of the radiation quality factor for the dipole-DNG shell system are discussed in Section VIII. A summary of the results is presented in Section IX.
II. BEHAVIOR OF AN INFINITESIMAL DIPOLE IN DPS AND DNG MEDIA
Let the surface represent the smallest sphere of radius that can enclose the dipole. If the dipole has length , then . Let be the volume exterior to that sphere. The surface together with the surface at infinity, , is the boundary of . Let the unit normal point into the volume . The time averaged complex power flowing through then takes the form [4] - [11] (1) where and represent the time harmonic electric and magnetic fields produced by the dipole, and and represent the time averaged radiated power (real part) and the time averag-ed reactive power (imaginary part), respectively. The latter are given explicitly by the expressions (2) 0018-926X/03$17.00 © 2003 IEEE where, if the permittivity and permeability are uniform and constant throughout , the time averaged electric and magnetic field energies stored in are, respectively (3) If the average input power to the antenna system is , one can write the input impedance for the dipole antenna as , so that and [4]- [11] . The radiation resistance seen by the antenna is ; the reactance seen by the antenna is . For the discussion here, we then introduce a normalized reactance parameter for the antenna as (4) This parameter gives a quantitative estimate for the ratio of the reactance to the resistance of the input impedance of the antenna system as measured at the sphere of radius . An antenna with a small value of would have desirable performance characteristics, i.e., it would have a small input reactance and a large radiation resistance.
Given the following equations for the time harmonic fields , radiated by an infinitesimal electric dipole immersed in a conventional double positive (DPS) medium [4, p. 135] (5) (6) (7) (8) (9) one can find the time averaged complex power flowing through the surface around the dipole to be the expression [4, p. 136] (10) Thus, the average power radiated by this dipole is given by the relation (11) Electrically small dipole antennas in free space are inefficient radiators; the radiated power decreases quadratically as the size of the dipole relative to the wavelength decreases, i.e., as . Similarly, the normalized reactance (4) measured at is then given by the expression (12) Electrically small dipole antennas have large capacitive reactances; the magnitude of the reactance ratio increases cubically as the size of the dipole relative to the wavelength decreases i.e., as . For a DNG medium, (5)- (9) are transformed by the substitutions and . Investigators have also shown that the square root choices leading to and are required for DNG media [3] . For the case of an infinitesimal electric dipole immersed in a lossless DNG medium, one finds that the substitution in the dipole field formulas (5)- (9) holds even for the exponential terms, resulting in terms of the type . The radial power through the sphere of radius for this case becomes (13) The real component of the radial power is again positive, as expected from causality, while the reactive component is now positive, or inductive, rather than capacitive as it is in a DPS medium, i.e., (14) This property led us to investigate whether the capacitive effect associated with an infinitesimal electric dipole in free space could be matched by an inductive effect associated with a DNG shell surrounding it.
III. ANALYTICAL SOLUTION -INFINITESIMAL DIPOLE SURROUNDED BY A DNG SHELL
The configuration used in this study is shown in Fig. 1 . An infinitesimal electric dipole of strength is located in a DPS medium (Region 1) that is surrounded by a shell of DNG material (Region 2) with inner radius and outer radius . The DPS medium outside of the DNG shell (Region 3) extends to infinity in all directions. The electric and magnetic fields for this configuration are given as follows: Region 1
Region 2
Region 3
where and represent the first order spherical Bessel functions of the first and second kind, respectively, represents the first order spherical Hankel function of the second kind, and all derivatives are to be taken with respect to the function's argument. The coefficients -are found by imposing the electromagnetic boundary conditions, that and must be continuous across the material interfaces at radii and . The coefficients then take the form: The real power radiated by an infinitesimal electric dipole surrounded by a shell of DNG material and the normalized reactance of the dipole antenna were analyzed numerically using (1), (15)-(31). Analytic continuation was utilized to calculate the requisite spherical Bessel, Neumann, and Hankel functions with negative arguments [12] . The validity of these equations and the accuracy of their MATLAB software implementation were tested by comparing the software's output to known analytical results, particularly for the case where all regions contained free space, that is, for . The case of a DNG shell whose properties are "dual" to those of free space was first analyzed using the following parameters:
, , , and with . For simplicity, the permittivity and permeability values were chosen to achieve matched media across the boundaries at and , i.e., to have with . These material parameters made comparisons to the free space case easier; and since each region is matched, any disruption in the formation of the dipole field would be mainly caused by changes in the wave physics inside the DNG shell, rather than by interface scattering effects. The frequency ( ) and the initial choice of the inner radius of the DNG shell ( ) were chosen according to experimental efforts associated with current metamaterial research.
A plot of the radiated power gain of the dipole-DNG shell system (radiated power in the DNG case normalized to the corresponding free space, DPS value) (32) versus the outer DNG shell radius is given in Fig. 2(a) for values m = 0.1 mm. The effective radius of the infinitesimal electric dipole was . The value of the outer radius that maximized the real power radiated by the dipole was found to be , hence, , which is small but larger than . This maximum value was . As seen in Fig. 2(a) , a significant improvement in the radiated power could still be obtained for a much smaller DNG shell size. For example, 80% of the maximum possible radiated power could be obtained for , which is less than half of the optimum outer radius and gives . The normalized reactance was calculated for all cases as indicated in Section II. A plot of the reactance ratio (33) versus the outer DNG shell radius is given in Fig. 2(b) . The value of the outer radius that minimized was slightly different ( m) from where the radiated power achieved its maximum, but the variance of between the two values was 0.002%.
Figs. 3 and 4 compare the electric and magnetic fields generated in this DNG case with those produced when no DNG shell is present, i.e., with those for the dual DPS case. Note that while and are continuous at and by definition, their derivatives are discontinuous at the edges of the DNG shell due to the sign changes in and . Also note that, in this small region very near the antenna, the real part of for both the DPS and DNG medium cases is practically constant, while the imaginary component is changing by orders of magnitude. Moreover, note that unlike the DPS case the imaginary parts of both field components in the DNG case have significant swings between positive and negative values. Note that E is continuous across boundaries, as expected, but its derivative is discontinuous due to the changing signs of " and . Also note that, in some areas, the reactive component of E for the DNG case is positive and of opposite sign to that of the free space case. Fig. 5 compares the real and imaginary components of the Poynting's vector, in particular, the radiated real power and the normalized reactance , for the DNG shell and the dual free space DPS configurations as a function of the distance from the dipole when the DNG shell radii are fixed at and . When the DPS case is considered, these results are identical to their well-known values. To emphasize this fact in the DPS case and the increase or decrease in the DNG case, the radiated power gain values and reactance ratio values for both the DNG and the DPS configurations are given in Fig. 5(a) and (b) . Note that the radiated power is independent of the radius, i.e., the radiated power gain stays constant at any radius. The non-normalized values are and . When the DNG shell is present, the real power radiated is thus 73.66 times greater than the free space result. Similarly, the normalized reac- and 748.8 m. Note that H is continuous across boundaries, but its derivative is discontinuous due to the changing signs of " and .
tance values were calculated to be: and . The DNG value is 78.21 times smaller than the DPS value ; this agrees very well with the noted gain in the radiated power.
The very good correlation between the normalized reactance decrease and the radiated power increase provides additional credence to the observed result: the dipole-DNG shell configuration outperforms the standard free-space dipole. We note that the radiated power increase predicted by (11) simply due to an increase in the dipole length from to is only ; the DNG shell result is substantially larger. We note that Fig. 5 (b) clearly shows, as anticipated, that the reactive power component of the DNG case is opposite in sign to the free space case in some areas. This means that the DNG shell does indeed serve to partially "match" the antenna to free space, and this matching leads to the observed enhanced performance of the dipole-DNG shell system. Thus the reduced reactance results in , the DNG shell with provides the best "matching network" between the dipole and free space.
V. LUMPED ELEMENT MODEL
Because the dipole antenna-DNG shell system model predicts unusual behavior, a lumped element circuit model similar to the free-space one introduced by Chu [13] and Harrington [5] is presented to augment the exact analysis above. This circuit approach has been used again recently by Grimes and Grimes [14] to argue a violation of the Chu-Harrington limit and by Collin [15] to re-examine their conclusions. The development of such a lumped parameter model in the present case would help ascertain the validity of the analytical results.
Reconsider the geometry shown in Fig. 1 . As discussed in Harrington [5] , an electric dipole radiating a mode into free space can be represented by a high-pass circuit. The spatial cutoff associated with this circuit provides an explanation for the high reactance and corresponding high radiation when the dipole antenna is electrically small. For the DNG shell case, we assume that the dipole is radiating into a free space sphere of radius . This representation is the first section of the circuit diagram shown in Fig. 6 . The circuit representation for the surrounding DNG shell is the second section shown in Fig. 6 ; its values of the capacitance and inductance were obtained using the results given by Iyer and Eleftheriades in [16] . For simplicity of the discussion, it is here assumed that the DNG medium has and and has a thickness . As suggested by Ramo et al. [8, pp. 257-258] , such a backward-wave medium representation can be obtained from the dual of the DPS case, as it is deduced here. The transmission line is terminated with free space, whose impedance is , as shown by the last section in Fig. 6 .
The input impedance, , of this circuit is obtained straightforwardly. One finds that (see (34) at the bottom of the page). With and the values for the capacitance and inductance of the DNG medium circuit, this can be rewritten in the form (see (35) at the bottom of the page). To achieve the desired lowering of the normalized reactance, one would desire to have the imaginary part of the complex power, hence, of the input impedance vanish. This would mean that there would be no reactance associated with the entire radiation process. Consider then a simple case with . The imaginary term in the braces in the numerator of (35) becomes . This is identically zero for , i.e., for . In fact, one then finds in this case that . The presence of the DNG medium has taken the radiation process from below cutoff to a perfect match to free space. This correlates with the observed transformation above of the reactive power to radiated power, and the corresponding decrease in the reactance when the parameters of the DNG shell have been optimized.
A comparison of the values of the circuit model predicted by (35) for this test case and those obtained from the analytical field model further demonstrate a reasonable correspondence between these two models. The real and imaginary components of the input impedance normalized by the free space impedance for 3.376 mm are shown, respectively, in Fig. 7 (a) and (b) as a function of the outer radius of the DNG shell . The real part goes through one and the imaginary part goes through zero when 6.752 mm as predicted. On the other hand, the radiated power gain normalized to its maximum value, 5.70, for the same case is also given in Fig. 7 (a). It achieves its maximum at the nearby outer radius value . Both curves in Fig. 7 (a) show the existence of an optimum value. While the circuit model and its corresponding results are approximate, because the complete propagation effects of the transmission lines have not been included in this analysis as they were in the analytical dipole results, it nonetheless reveals that the DNG shell could indeed be used as an impedance matching network for the electrically-small electric dipole antenna radiating into free space with the result that there is a gain in the radiated real power. It thus lends further credence to the analytical and the corresponding numerical results given above and below.
VI. NUMERICAL RESULTS FOR GENERAL DNG MEDIA
While the initial choice for the matched DNG medium, , was made because of its immediate connection to the free space DPS case with for 1, 2, 3, additional DNG media were explored to investigate the impact of various parameters on gain enhancement and reactance reduction. In particular, it was found that the power radiated by (reactance of) the dipole could be increased (decreased) when the permittivity and permeability of the DNG shell were decreased (i.e., made more negative). Similar radiated power increases (reactance decreases) were also found by decreasing the inner radius of the DNG shell. Both variations provided stronger interactions between the radiating dipole and the DNG shell, hence, more complete matching between them.
To illustrate these points, Figs. 8-10 show sample results for the radiated power gain and the reactance ratio achieved by a DNG shell with and inner radius 1.0 mm. The frequency was again set to 10 GHz ( 3.0 cm). Fig. 8 shows the radiated power gain and reactance ratio as functions of the outer radius of the DNG shell. When the shell's outer radius approaches 1.9661 mm ( ), a strong resonance is seen to occur; the power radiated is 1.298 times that radiated by the dipole into free space alone. The normalized reactance simultaneously is 1.298 times smaller than the free space value. Another resonance is seen near an outer radius of 9.27 mm ( ). Although this resonance is weaker than the first, it is also appreciably broader, and it still produces 24.2 times the power radiated by the dipole into free space. The behaviors of the radiated , respectively. If the inner radius of the DNG shell is reduced still further, or if the permittivity and permeability of the DNG medium are decreased even more, the resonances become narrower and more pronounced. An example for the case when and m is shown in Fig. 11 . The radiated power gain is given in Fig. 11(a) ; the corresponding reactance ratio values are given in Fig. 11(b) . This case produces a spectacular radiated power gain for . The reactance ratio drops to the value where the gain peak occurs but has a nearby minimum of at the nearby value . Note that the width of the resonance is extremely narrow, corresponding to a DNG shell for which the allowed variation in is extremely small. Moreover, the DNG shell itself is very thin. Thus, it may be a difficult case to realize physically with many of the current metamaterial realizations of DNG media. On the other hand, note that there are larger radii DNG shells that produce less, but still very significant radiated power gains. This is verified with the plot of the radiated power gain of the dipole-DNG shell system as a function of the inner radius with the outer radius optimized shown in Fig. 12 . Finally, note that the value of when m is which shows that the dipole-DNG shell system is slightly inductive in contrast to the DPS value which corresponds to the very capacitive dipole interaction with free space.
To demonstrate the behavior of the DNG shell configurations as the material parameters vary, a lossless Drude medium model of the DNG medium was introduced, i.e., the relative permittivity and permeability was set to the frequency dependent form (36) Fig. 8 . When the outer radius of the DNG shell approaches 9.27 mm, the radiated power gain peaks at 24.2 while the reactance ratio drops to 4.13 210 .
The plasma frequency was set to 20 GHz so that at 10 GHz one has 3.0 . At frequencies below 10 GHz the DNG medium was more negative; it was less negative for frequencies between 10 and 20 GHz . The radiated power gain and the reactance ratio for the DNG shell with 1.0 mm and 1.9661 mm are shown in Fig. 13 , and they are shown in Fig. 14 for m and m. To obtain Fig. 13 , 18 000 samples were taken in the frequency band 1-19 GHz . To obtain Fig. 14 , 110 000 samples were taken in the frequency band 8-19 GHz . Clearly, additional highly resonant frequencies were uncovered for both more and less negative DNG media for a fixed shell size.
We also note that because all of the dipole-DNG shell system formulas depend explicitly on products of a wavenumber and a sphere radius, the results for DNG shells of varying thickness at a fixed frequency are related immediately to results for a fixed DNG shell thickness and varying frequency. Thus, all of the 
VII. ENERGY CALCULATION OF THE REACTANCE OF THE DIPOLE-DNG SHELL SYSTEM
The reactance of the dipole-DNG shell system may also be calculated using the average stored energies as indicated by (3) . However, this calculation must proceed with some care. In particular, one observes immediately that the standard expressions, (3), for the average energies and stored in a volume yield negative values in a DNG medium. Thus, if we follow Maxwell's equations with no intervention and allow these terms to be negative, their explicit interpretation as stored energy would be unorthodox.
One would expect that the input reactance seen by the dipole would be measured at . This is further confirmed in view of the circuit representation of the dipole-DNG shell system given in Fig. 6 . In all the cases considered above, the normalized reactance was calculated at using the real and imaginary parts of the complex Poynting's vector. Thus all of those results should be recovered if one uses (4) with the same values but now with the expression given in (2). We claim that if the reactance is to be properly calculated in this manner using and , then the negative sign associated with the DNG medium must be present in the calculation of and . To prove this, we expand (3) in terms of those calculations over each region of the dipole-DNG shell system. The electric and magnetic energy terms can then be written explicitly as (37) where , , are the portions of the time harmonic dipole fields that depend only on the radius . In the limit , these terms recover those given by (3). In contrast, if one were to insist that only positive energies are to be allowed in this calculation, then, as a natural choice, one could introduce The reactance values obtained using (37) and (38) were analyzed for the highly resonant case with , and m. The calculation of (37) and (38) was segmented into two regions to increase its accuracy, i.e., the integration was divided into 30 000 intervals between and and 30 000 intervals between and mm. The smaller in the first region allowed better resolution of the large variations in the field values at the interfaces of the DNG shell. The magnitudes of the resulting normalized reactance values (39) are shown in Fig. 15 . As can be seen, the distance m was sufficient for the normalized reactances to settle into their values corresponding to the limit . There are orders of magnitude difference between the result that took into account the negative signs of the permittivity and permeability values and the artificially constructed one that imposed absolute values for the permittivity and permeability everywhere. In particular, the measured value was and the measured value of was . The former shows excellent agreement in both magnitude and sign with the result calculated earlier using the complex power; the latter is simply inconsistent. Thus, (1)-(3) are consistent for the dipole-DNG shell system only if negative energies in the DNG region are taken into account.
Yet another possibility would be to avoid the negative energy issue entirely and deal only with the energies stored outside the DNG shell in the DPS region as:
If one were to calculate all of the reactance results from the complex power at , i.e., only exterior to the DNG shell, one would obtain , where for 10.0 mm. That is, all values of the reactance are equivalent when they are calculated beyond the DNG shell (in Region 3), regardless of the parameters of the DNG shell. Therefore, measuring the reactance in Region 3 would not convey any meaningful correlation to changes in the radiated power caused by the DNG shell. The only correlation appears when Maxwell's equations are used directly, i.e., when (3) are used with no modifications and those "energy" terms are negative in a DNG region.
Note that if one considers the circuit equivalence in Fig. 6 , the reactance changes its sign in the presence of the dual capacitance and inductance elements that represent the DNG metamaterial. In particular, the equation for the complex power associated with an RLC circuit (41) where the terms , , , , allows one to extract the impedance immediately as (42) If the dual capacitance and inductance elements are introduced, the signs of the energy terms and become negative, and they must be preserved in order to obtain the correct overall reactance. This agrees with the observed change in sign of the reactance for the highly tuned, matched dipole-DNG shell system.
One might wonder whether these conclusions would be altered if the dispersive nature of a real DNG metamaterial were considered. If one assumed that the permittivity and permeability were dispersive, one would most probably calculate the total field energy with the well known expression (e.g., [7, pp.
14-17]) (43)
However, as shown in [17] , there are physical, causal DNG metamaterial models that yield negative energy values using (43). In contrast, the electromagnetic power flow calculations reported in [3] , [17] that considered Poynting's theorem in the time domain:
(44) always showed that the average power flow was positive, i.e., positive electromagnetic field power flowing into a region was transferred to positive power associated with the fields and the metamaterial in that region. Thus, the total electromagnetic power in a DNG medium has been shown previously to be positive even for the cases in which the corresponding energy calculation was negative. Note that (44) does not attempt to introduce and use positive definite quantities, and , for both the energies associated with the fields and the metamaterial. Rather, the power associated with the metamaterial is calculated with the time derivative changes of the polarization and magnetization fields themselves. Thus, if one chooses to introduce the energy quantities and and if they are negative, their existence does not violate our usual conservation of power theorem. One simply needs a proper interpretation of what they would represent to us.
We wish to emphasize that the introduction of the quadratic forms and is a traditional choice. The reactance and power calculations obtained through the complex Poynting's theorem actually do not depend on this choice. It is possible that the simple expressions for the field energies, (3), are not appropriate in the DNG cases because they are missing terms that would make them individually be positive, but would not change their difference. On the other hand, they may be correct as is.
What then might the frequency domain, time harmonic negative energy values mean? We have shown that the complex Poynting's theorem is satisfied only if they are taken into account. We believe that these negative energy terms are a direct result of the fact that the DNG properties can only exist after a field has interacted with the metamaterial system and has created the negative permittivity and permeability. This creation process is not reflected in the present steady state solution as it is in (44) which accounts for the source field creating the DNG properties through the associated time variations of the effective polarization and magnetization terms. The DNG shell does not magically produce energy from nothing. The negative energies here reflect the fact that if the excitation field were turned off, the DNG metamaterial would return to a DPS state, releasing the energy used to create the DNG state. This type of behavior was reported for the DNG metamaterials discussed in [3] , [17] .
There is precedence in physics for this proposed interpretation of the negative DNG shell energy. In particular, Dirac found both positive and negative energy states for his quantum mechanical particle equations [18] . He had to introduce the concept of holes to reconcile the possibility of the existence of these negative energy states. A hole (negative energy state) is formed by the excitation of an electron into a positive energy state. The recombination of an electron and a hole recovers that energy. We suggest that the DNG configuration in steady state is like the presence of a hole that has been created in a semiconductor by the emission of an electron.
VIII. RADIATION FOR THE DIPOLE-DNG SHELL SYSTEM
The fundamental limits on the radiation quality factor, , associated with electrically small antennas have been explored by many authors [5] , [13] - [15] , [19] - [22] . The most precise analyzes have defined the limiting radiation for antennas as the time-averaged, nonpropagating energy stored externally to the smallest sphere that could enclose the antenna divided by the antenna's real radiated power [19] , [22] . Any realizable radiation would be greater than this value because additional energy would be stored within the enclosing sphere. The radiation , also defined as times the ratio of the maximum energy stored to the total power lost per period, is a convenient quantity to describe, for instance, the bandwidth of the antenna when a driving circuit is matched to it. It is generally accepted that a high radiation value corresponds to a large amount of reactive energy stored near the antenna, hence, a correspondingly low value of the radiated power.
The minimum radiation attainable by an infinitesimal electric dipole, or similarly by the spherical mode with azimuthal symmetry, has been investigated the most thoroughly. The limit for the radiation in this case has been shown to be [13] , [22] (45)
Thus the radiation of a dipole in a DPS medium increases substantially as the electrical size of the antenna decreases. Note that while many authors present this result with the term in the numerator, we concur with the correction presented in [22] and given in (45) above. Finally, we note that the radiation for an electrically small antenna in a DPS medium is commonly approximated as [12] , [15] (46) From these equations, one immediately obtains for an infinitesimal electric dipole immersed in a DPS medium. This result agrees with the fundamental limit (45) of the radiation when . However, in the dipole-DNG shell case, the matching network interpretation implies that ; hence, this simplistic approach is no longer valid.
An explicit calculation of the radiation that leads to (45) in a DPS medium is obtainable by integrating the nonpropagating energy density over the region outside of the sphere of radius [19] , [22] . This approach was found to be the one best suited to the single mode, shell geometry under consideration. The nonpropagating energy in a spherical region extending from a sphere of radius to is obtained by first calculating the time averaged total electromagnetic energy stored in that spherical region, i.e., The radiation is then determined as (50) We note that (47) for the total electromagnetic energy and (48) for the total radiated electromagnetic energy are themselves infinite. However, their difference, (49), yields a finite quantity. Thus, the nonpropagating energy calculation is in effect a renormalization of the total energy in the volume outside of the sphere of radius .
To estimate the equivalent radiation for the dipole-DNG shell system, two forms of the propagating energy were calculated. The first is obtained directly from (48); it takes the explicit form (51) where all of the permittivities and permeabilities take their actual values in their respective media. The second form is calculated directly from the radiated power as in [19] , i.e., the propagating energy takes the form of the radial integral of the radiated power divided by the speed in the respective regions:
The double square root form of the inverse wave speed used here accounts for its sign in the DNG shell. Both forms should give the same result for the nonpropagating energy (49) to be used in the radiation calculation (50). For comparison purposes we also introduce, as in the preceding section, the corresponding positive-only calculations for the propagating energy:
(53) We then calculate the radiation of the dipole-DNG shell system from (50) in the forms:
where the total energy expressions are simply (56) All four of these radiation quantities were calculated for the DNG shell case with , m, and m when the source frequency was 10 GHz. The observation radius was taken to be m. The calculation was broken up into three regions to increase its accuracy, i.e., the integration was divided into 30 000 intervals between and , 30 000 intervals between and 1.0 cm, and 30 000 intervals between 1.0 and 1.0 m. The radiation results are summarized in Fig. 16 . The energy and power forms of the nonpropagating energy both lead, as expected, to the same value of the radiation : 28.98. This quantity is 1.3912 times smaller than the free space value from (45): 4.0314 . This decrease in the radiation is nicely consistent with the observed radiated power gain. On the other hand, the energy and power versions of the positive-only energy calculations both produced the same value of the radiation : 2.0308 . This value is very inconsistent with the observed radiated power gain. Note, however, that even this latter value is 198.52 times smaller than the dipole-free space value.
The negative energy issues do dominate for the very narrow resonance cases that occur for the DNG shell being in close proximity to the dipole. The improvements over the free space dipole results are significant in these cases. The positive and negative energy differences are not very noticeable in the weak resonance cases that occur when the DNG shell is reasonably far away from the dipole. Moreover, the improvements, while being smaller, are not lost. For example, we found and for the DNG shell case with and with and . This means the radiation in this weak resonance case is 2.575 smaller than the free-space only value obtained from (45). We have found that for the cases, the crossover case where the negative energy contributions begin to be significant in comparison to the positive energy ones is the DNG shell with and . Finally, we note that one should not immediately try to draw conclusions between the bandwidth of the dipole-DNG shell system and the observed radiation values, particularly with the presence of the negative energy terms. However, all of the results presented above indicate that the inner and outer shell radii have to be matched correctly with small tolerances or there will be a decrease in the performance. The dispersive DNG results indicate large variations in the performance with frequency and a realistic DNG material will have to be dispersive. Thus, it would appear that the dipole-DNG shell systems are finely tuned and, consequently, one would expect that their bandwidths would be narrow. Nonetheless, the bandwidth of the dipole-DNG shell system should be studied from a time domain point of view for proper results and their interpretation.
IX. CONCLUSION
The fields generated by an infinitesimal electric dipole in free space were compared to those generated by a dipole embedded in a DNG medium. It was observed that while the radiated power in both cases was equal, the reactive power in the DNG case was equal in magnitude but opposite in sign to the free space case. This property stimulated an investigation into the effect of placing a DNG shell around an infinitesimal electric dipole, in an attempt to "match" the dipole to free space.
Consequently, the problem of an infinitesimal electric dipole enclosed within a DNG shell was solved analytically. The equations associated with this configuration were presented, as were their numerical evaluations. Several DNG cases were considered. It was shown that in comparison to the dipole-free space case, the radiated power gain of the dipole-DNG shell system could be increased by orders of magnitude. The normalized reactance of the dipole-DNG shell configuration was shown to decrease by similar orders of magnitude. In addition, it was demonstrated that the radiated power gain (normalized reactance) could be increased (decreased) even further by making the permittivity and permeability of the DNG shell more negative or by decreasing its inner radius.
A lumped element circuit model of the dipole-DNG shell system confirmed that the system caused an increase in radiated power and a simultaneous decrease in the reactance. This approximate model revealed that it was possible to treat the presence of the DNG shell as a matching network. The fundamental spatial mode radiated by the dipole into free space was taken from below-cutoff to above-cutoff by a properly designed DNG shell, i.e., by creating an overall impedance that nearly matched that of free space.
The issues of the reactance and the radiation for the dipole-DNG shell system were explored. It was demonstrated through the complex Poynting's theorem that negative electromagnetic field energies are needed to describe correctly the phenomena associated with the dipole-DNG shell system. The nonpropagating energy expressions used in calculating the radiation were evaluated with negative material parameters and with their absolute value counterparts. Self-consistency of the radiated power, reactance and radiation required the presence of the negative energy terms. Arguments for why the appearance of the negative energy terms is not in violation of any basic physics principle and interpretations of what these terms represent physically were given. The results showed that the observed increase in the power radiated by a dipole-DNG shell configuration corresponded to a decrease of the normalized radiation , to values below the traditional Chu-limit.
Several metamaterial designs are currently under investigation to determine whether or not these theoretical results can be realized experimentally. Typical recent metamaterial analyzes and experiments have demonstrated that it is possible to achieve the relative permittivity and permeability values considered here or even more negative values. However, as noted throughout, nondispersive DNG metamaterials are unattainable. It is anticipated from a practical point of view that the presence of dispersion will have some type of negative impact on the extremely large resonance results as it does for focusing effects in DNG media. Even if this reduces the extreme results to substantially smaller values or reduces the modest values to a lesser degree, it is anticipated that the dipole-DNG shell results will still lead to nontrivial increases in the radiated power and corresponding decreases in the reactance and radiation . Nonetheless, the biggest difficulty in achieving these results appears to be the required small sizes of the DNG shells with low tolerances for variations in those sizes. To obtain the large enhancements shown here to be theoretically possible, much hard practical effort will have to be expended to realize metamaterial designs in ultra-small configurations. Nonetheless, the enormous potential payoff for extremely small, efficient radiators suggests that these DNG designs should be pursued aggressively.
ACKNOWLEDGMENT
One of the authors (R.W.Z) would like to thank Prof. G. Eleftheriades for several very interesting conversations concerning the equivalent circuit models for wave propagation in DNG media and for sharing [16] 
Comments and Replies__________________________________________________________
Comments on "Application of Double Negative Materials to Increase the Power Radiated by Electrically Small Antennas"
Per-Simon Kildal
Abstract-The results of the commented paper are of no value for evaluating the performance of small antennas surrounded by double negative material. The characterizing parameter "radiated power gain" is misleading and turns out to be a relative input resistance rather than a gain.
The paper by Ziolkowski and Kipple [1] describes how electrically small antennas (in their case infinitesimal electric dipoles) apparently can be improved by surrounding them with double negative (DNG) materials. This theoretical study contains analytical theories that appear correct, and they present results and conclusions with the following promising supporting text: ". . .increases the real power radiated by more than an order of magnitude. . .," ". . .the DNG shell acts as a natural matching network for the dipole. . .," ". . .produces a spectacular 1:6532 210 9 = 92:18 dB radiated power gain. . .," and ". . .the enormous potential payoff for extremely small, efficient radiators suggests that these DNG designs should be pursued aggressively." Unfortunately, a more in-depth study shows that such claims are unsupportable, as the authors ignore gain, matching and efficiency.
Small antennas are commonly characterized by their radiation efficiency, input impedance, size and bandwidth. The radiation efficiency is caused by ohmic losses, and it is 100% in a lossless case. It is also common to present the input impedance Zin as a reflection coefficient r = (Z in 0 Z s )=(Z in + Z s ), where Z s in the characteristic impedance of the feed line or the source impedance of a directly connected transmitter (or the input impedance of a connected receiver amplifier). The reflection coefficient can also be transferred to a reflection efficiency e r = 1 0 jr 2 j, so that the total radiation efficiency becomes the product of these two mentioned efficiencies; due to ohmic loses and reflections, respectively. Unfortunately, [1] does not consider radiation efficiency, impedance matching or reflection efficiency at all.
Instead, [1] introduces a radiated power gain based on feeding the antenna port with an ideal constant input current. Thereby, the defined radiated power gain turns out to be the ratio between the radiation resistance of the infinitesimal dipole surrounded with DNG material and the radiation resistance of the infinitesimal dipole in free space. This ratio has no root in common ways of characterizing antennas or in physical reasoning. Unfortunately, all discussions and results in the paper are based on this misinterpretation that antennas radiate better the higher the radiation resistance is. This contrasts with basic circuit and antenna theory, see e.g., [2, Sec. 3.6] and [3, Sec. 2.5.5 and 2.5.6], that the antenna needs to be conjugate matched to Z s (see above) in order to transfer the most power to Zin . Thus, to maximize the radiated power we must require that Z in = Z 3 s and that the radiation efficiency is 100%. Then, the total radiation efficiency is 100%. Other explanations make no sense. the criticisms raised by Prof. Kildal in regards to our neglect of these mismatches for the case considered in [1] are not relevant. In fact, since the problem we considered was a canonical one (i.e., we had an infinitesimal current source), there was no transmission line driving the antenna so there was no possibility of a mismatch factor to even consider.
As an aside, it is to be noted, however, that the EMC community, in fact, does have its own "working definition" for gain which is emphasized to be different from the IEEE standard as: "gain with mismatch." This term includes the mismatch loss factor.
Finally, Prof. Kildal suggests that the dipole-DNG shell system will be a poor radiator because the radiation resistance is very large. In contrast, we tried to emphasize in [1] that we believed that the results of our canonical problem indicated that one could use a metamaterial shell as a distributed matching element to achieve a resonant state in which the system would become an efficient electrically small radiator. To test this hypothesis, one would have to consider the very important issues that Prof. Kildal raises when taking the canonical problem to practice: impedance matching and radiation efficiency. To test this idea further using numerical simulation, we have recently considered surrounding a center-fed cylindrical dipole antenna with a metamaterial spherical shell with a source that allows the inclusion of the effects of a transmission line feed [3] . This system allowed us to calculate the input impedance and, consequently, the impedance matching and radiation efficiency. Comparing the power radiated by the antenna surrounded with the metamaterial shell to the antenna alone in free space, both now driven with the same input power, we have found resonant configurations that produce relative power gain-"radiated power gain"-behaviors consistent with the canonical problem results. Moreover, as Prof. Kildal has suggested, we have demonstrated by numerical simulations that the antenna and metamaterial shell system can be designed to have no mismatch factor, i.e., by adjusting only the metamaterial shell and antenna configuration, the total input reactance of the system can be made to be zero (a conjugate match was achieved) and the input resistance can also be matched to the transmission line value so that the radiation efficiency may be maximized. Even though it is an electrically small system, in analogy with a half-wavelength and a full-wavelength dipole antenna, we have found an antenna resonance and anti-resonance. The radiation efficiency of the optimized antenna-metamaterial shell system is high at the antenna resonance where the radiation resistance is matched to the transmission line, while it is low at an "anti-resonance" point where the radiation resistance is very large.
In conclusion, despite the concerns raised by Prof. Kildal, actual simulations have demonstrated that the proposed dipole-metamaterial shell configurations have merit. They have encouraged us and others to pursue the concept further. We are now trying to deal with the actual engineering issues and challenges of realizing a metamaterial in the shape and size required by the resonant configuration, an issue raised in [1] as a key feature of whether the concept will actually work in practice or not.
